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odic solution of the problem on oscillation of a shell with damping taken into account,
under the conditions ity
uilp=g; (s, ), 1=1,2.8, —~ =)

gi(s, t 4wy =g;(s, 1), gl ltw)=g; (s, 1), j=1,2234

gis, )L 0, 0), g Hel>0 0), j=1.2,34
g, 0EH,, (D, neeH, (N, j=1,214
where H, (T) and Hy, (I') are the Sobolev~-Slobodetskii spaces,
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We investigate short-wave oscillations of a plane elastic body, concentrated in
the vicinity of a smooth convex boundary. We develop an asymptotic process of
integrating the dynamic equations of the plane theory of elasticity, We obtain
the expressions for the eigenfunctions and natural frequencies of the short-wave
oscillations for free and clamped boundaries.

The short-wave (high frequency) oscillations can be studied with the help of
various asymptotic methods based, in particular, on the method of rays of geo-
metrical optics. A systematic presentation of the method of rays and its deve-
lopment in the boundary value problems of mathematical physics are given in
[1, 2]. The method is used to investigate the asymptotic behavior of the eigen-
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functions and eigenvalues of the Laplace operator for the case of large eigen-
values,

Use of the ray representations to describe the elastic high frequency oscilla-
tions was apparently first made in [3] in connection with the problem of reflec-
tion of a cylindrical wave from the boundary of a half-space. Authors of the
later papers used the method of rays to solve various types of external problems
of high frequency oscillations in elastic media. An extensive bibliography rela-
ted to this problem is given in the survey [4]. There is, however, still no solution
available to the problem of free high frequency oscillations of an elastic medium
which fills a bounded region, when the oscillations penetrate the region to a cer-
tain depth, The general theoretical studies carried out in [5 — 7] also failed to
supply sufficiently simple final results,

Below we present a generalization of the asymptotic method given in [2], to
the solution of the fundamental internal dynamic problems of the plane theory
of elasticity for the regions with smooth convex boundaries, in the case of free
steady~state oscillations. The solution is developed for short-wave oscillations
concentrated in a narrow strip in the vicinity of the boundary. The strip is con-
tained between the boundary of the body and the caustic-curve behind which
(in the inward direction) the osciliations decay exponentially. It was shown in
[1] that the convexity of the boundary is a necessary condition for the appearance
of such oscillations.

1, Let us assume that an isotropic homogeneous elastic medium fills a finite simply-
connected region G bounded by a closed convex curve I'. The coordinates of the points
z (s) and y (s) on the boundary will be assumed differentiable with respect to the arc s,
a sufficient number of times,

For the steady state oscillations, the components of the displacement vector u{z,y)and
v(x, y)are expressed, in the case of plane deformation, in terms of the longitudinal and
transverse potential @ (z, y) and ¥ (z, ¥)as follows:

_ 99 A] _ 99 3y
U=t V=5 " %
The potentials ¢ and 4 satisfy the Helmholtz equations
w? ®?
Ap+250=0, MY+ 5y =0 .1

2 2 32
2R =k At
where p, A and p are the density and the Lamé constants of the medium, and @ is the
free-oscillation frequency,

We shall consider the short~wave oscillations near the boundary, using the intrinsic
(s, n) -coordinate system where n is the normal to the boundary I' and § is the arc
length of I' measured from the initial point, The outward direction of the normal is
taken as positive, and the traversal of I' is clockwise. Clearly,the (s, n)-coordinates
are orthogonal and related to the Cartesian system as follows:

g ==z()—ny(s), y=y@)+n()
We choose the most common boundary conditions corresponding to the first and second

Clz =



654 A, L. Popov and G, N, Chemyshev

fundamental boundary value problem of the plane theory of elasticity. These are the
conditions for a clamped and a free boundary, and in the (s, n)-coordinate system they
are expressed in terms of the potentials ¢ and 4 in the form

op o A A

T =" 3 |y = © (1.2
for a clamped boundary and
k4 p o%q 1 a9 P 13
an? o +2anas“7‘(2 s +’5,T),.=0=0 (1.8)
L 2% *p 1 W 99
on® ~ 0s® —231L0”+T(2 s 3n>n=0—0

for a free boundary, where r = r (s) is the radius of curvature of the boundary. Since
the boundary is convex, the radius of curvature r (s) is assumed positive everywhere.

2. The solutions of the Helmholtz equations constructed in [1, 2] correspond to the
short-wave oscillations localized in a narrow boundary zone. The form of the solution
of the Helmholtz equation in an arbitrary region was based on the analysis of the stan-
dard problem for a circle, and consists of an exponential term multiplied by the Airy
function Ai(z).

We follow the example of [1, 2] and also use the problem for a circular region as
standard. However, even in this simplest case the boundary conditions (1. 2) or (L.3)
cannot be separated into the conditions for ¢ and for 1 only. Consequently, Eqs.(1.1)
form a fourth-order system. At the same time the standard problem allows the separa-

tion of variables. Let us set @ =D() e, §—=P()eind

where (r, §) denote the polar coordinates and 7 > 1 is the number of half-waves in
in the peripheral direction, As the result of substituting (2. 1) into (1. 1), we arrive at
the following system of Bessel equations:

D"+ r1d 4 (0%, 2 —nr?) d=0 (2.2)
¥ L L (0% — )W =0

We seek a solution of (2. 2) in a definite range of frequencies satisfying the condition

[0)
S r<a (2.9)

It is in the range (2. 3) of frequencies and only within this range that the oscillating in-
tegrals of Eqgs. (2.2) are concentrated in a narrow strip near the boundary. In fact, the
solution of the first equation of the system (2. 2) under the condition (2. 3) is expressed
by an asymptotic expansion of the Bessel function J, (wr /¢y), when the argument and
index are large values and their difference (n — or/ ¢;) > 1. The solution of the
second equation of (2. 2) is expressed by an asymptotic expansion of the Bessel function
J,. (or/cy), when the argument is larger or equal to the index. The asymptotic for-
tula for the function J, (wr / ¢,) under the restriction indicated, has the form [8]

1 : — [2(n— z) s
Jn(x)z_;"/_ﬂﬁ&_x) K., (), x=c—(‘;r, 3 =g (2.4)
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[\ 11— (1 — )8 —*/s) ]
Ko (2) “(E) ¢ 2[1 ——& t 12855 T
From (2. 4) it is clear that the integrals decay rapidly on moving away from the circular
boundary. For the function J,, (0r / ¢;) ,we use the following uniform asymptotic ex~
pansion written in terms of the Airy function [1]:
_ 2\ ,. _ 2\t e

The expansion (2. 5) yields, in accordance with the properties of the Airy function, the
integrals ¥ oscillating in the strip ?% << ¥ < A where # is the radius of the boun-
dary and r, = nc, / o ,and decaying exponentially when r < r,. The expansions
(2.4) and (2. 5) indicate that if we consider any frequency range different from (2. 3), the
integrals @ and (or) ¥ either decrease uniformly within this range in an exponential
manner beginning at the boundary, or oscillate at a considerable distance from the boun-
dary.

Using the standard expansions (2. 4) and (2. 5) in a circular region, we represent the
corresponding solutions of Eq. (1, 1) for a region with an arbitrary convex boundary in

the form - Fepf, ,\p = Ai (p""‘l?) £ip®
where F, f, ¥ and @ are unknown functions and p is an unknown large frequency

parameter, We note that in the case of a circular boundary, the solutions (2. 6) coincide
with the asymptotic representations of the exact solutions,

3, Let us substitute the expressions (2, 6) into the system (1. 1). Dividing throughout
by the exponential factors and taking into account the linear independence of the func-
tions Al (z) and Ai’ (2), we obtain

PPV (yV)? — (gD + ipAD + 0,2 =0 (.1

2ip"h (§'¥ - y®) + phAY =0

P2V F + pFAf +2(v/ - vF)] + AF — 0’ *F =0

. a2 nl D gy D PN
A= a7 g 0k 5 @) g+ 5 @5 |
' a i} 2

voated bed, o= (142)
We seek the unknown functions W, @, F and the frequency © in the form of expan-
sions in inverse powers of the large frequency parameter

V= Z ¥ipi, @ = Z ®;p7i, o =p*+ 2 %P7 (3,9)
0 8 L
F= p—-n/az Fi—hp i 4 p-=/32 Fi=pi 4 p Z Fj-vp7i
[ 0 [

The fact that F is represented as a combination of three different expansions in the
fractional powers of p, follows from the requirement that the quantities used in the gene-
ral boundary conditions must be of the same order of magnitude. Let us substitute the
expansions (3. 2) into Egs. (3. 1). Equating to zero the coefficients of like powers of p
we obtain the following systems of recurrent equations:



656 A.L. Popov and G. N, Chemyshev

Fo(v¥o): — (WD) 4+ 6,2 =0, (g¥,- yd) =0 (3.9)
Fi(w¥o)? + 2% (v¥o - v'¥)) — 2(vD, - vO5) + ¢, (2= 0j_;
(VO - V) + (o - vO) =N,_, (i=1.2,..)

(V,")2 —_ 01“2 =0

2(v/ - VFSTINY - Fy=119 (Af — %™ =0 ({=1,2,3)
ma=j

(v/ - VFJ'(NI /’)) + F].(-—IN)A]‘ —cp? Z Wj-—-mFJ‘—"m(—l 1) = RJ"'[
m=0

where the right-hand sides are fully determined by the solutions of the approximation
equations of the lower order.

4, The boundary conditions for the functions ¥, @, F and f follow directly from
the conditions (1.2) and (1. 3), by substituting the expressions (2. 6) into them. Assuming
that ¢ and ¢ vary equally along the boundary, we obtain for n = U

ip®,, Ai + pz‘u{}m Ai" 4 Pf,sF + F,s =0 (4.1
ip® Al 4 p¥ AL — Plnt — F =0

for a clamped boundary and

PV (v ¥V - vY) — (v, D - yD)] + A, DY AI + (4.2
P2 (v @ - v) + pTAYIAY 4 [p(wif - /) + Ay F +
2(vi/VF) + pIAF =0

{pl(vi® - yO) — ¥ (v, ¥ - y¥)] — iA D} Ai — p*h[2i X
WiV - yD) + p A YIAY + [p(Vef - V) +AJIF +
2(Vuf - VF)+p A F =0

a3 0 17} IZ]
Vi = €n 3 — € 5— Vl‘—:en'g'{"es'a—n
a2 ar 1 3 a2 1 8
b=z — s — 77 M=2(50 “T'a?)

for a free boundary, Here a comma preceding n or s denotes a partial derivative with
respect to the corresponding coordinate,

The conditions obtained contain the functions Ai and Ai’. To construct the system
of boundary conditions corresponding to the systems of recurrent equations (3. 3), we write
Al and Ai’ in the form of expansions in powers of the difference p*s (¥ — W)

Ai(pW) = Al (o) + AP (P ) (p— Wy + .. ) .. (4.3)
Al (phF) = Al (ph'¥o) + AV (P ¥ o) (p~h ¥y + .. )+ - -

Replacing the unknown functions, the frequency and the Airy functions in the conditions
(4. 1) and (4. 2) by the expansions (3. 2) and (4. 3) and equating to zero the coefficients
of like powers of p,we arrive at the system of the boundary conditions for the consecu-
tive approximations.

Let us first write the explicit expressions for the first order approximations to the boun-
dary conditions, which are the same for both problems and have the form
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Ai (P ) |n=o = 0
from which it follows at once that
Yo | n=o = P74, (4.9

where t,, (g = 1, 2, . . .) is one of the first roots of the Airy function, Moreover, the
requirement that the solutions be periodic and vary along the boundary in an identical
manner, leads to the following conditions {(for n = 0} :

i® =f [p®l=2aM (4.5)

where M > 1 is an integer, and the square brackets denote the increment in the value
of the function in question on traversing the boundary contour once,

5., We now construct the solutions for the recurrent systems of equations. Since the
solutions are sought in a narrow strip | n | << 1, we can write the functions ¥;, @,
F=1® ¢ and the coefficient ¢ in the form of Taylor series in terms of the coordinate n

\FJ == Z Iijnh‘, (D] = Z(Djknk, f = kank (5. D
i3 _ ) ry
Fi=tiy = 2_' Fp=tihpk, g =1 + 2a3n + 44202, ay =rt
0

Substituting the expansions (5, 1) into the system of differential equations (3. 3), we can
reduce the latter to a system of algebraic equations for the coefficients appearing in the
expansions for the unknown functions and their derivatives with respect to 7 .

Let us consider the solution of the first two approximation equations which are suffi-
cient for determining the frequencies of the natural oscillations with the accuracy of
O (p-Y). The first approximation equations are

f,n2 - a_lf,sz - 01_2 = 07 (DOm‘P:O,n + a-IcD(J,sIPO.s =0 (5.2)
Vo (Wom® + a Wo,?) — Dy — a7 Dy, 2 ¢, =

Let us replace the functions W, @, and f by their corresponding expansions from

(5. 1) and extract from the resulting recurrent system, the equations for the terms propor-
tional to n* (k = 0, 1, 2), omitting those which are not used in the process of deter-
mining the frequency with the required accuracy

I+ fo,d = =0, e¥e® =g, >+ =0, On=0 (53
Woi® + 2a100 % + 26 (a3 Wor + Vo) =0, Dy, ;Voy, s +
203, Vg =0
W2 (0o + 20, 01) — 4Dpa? — 29, Dy, s + a7, 7% +
e[¥or (a>¥oy + 8a,'¥oe + 6‘F03) -+ 4‘1’022 -+ ‘FOI. ;2] =0
g =typh

It is clear from (5. 3) that the coefficients of the expansions of the unknown functions
(5. 1) depend on the small parameter €. Let us write them in the form of the following

asymptotic sums:
Dy = 2 D™, Yy = 2 ¥ime™, Foo=¢ (5.4)
o 0
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e = kame"', Fipl o = Z Fipm(—t Iogm
[}] ]

(3k=0.1,2,...;1=1,2,3

Substituting the sums (5, 4) into Eqs. (5. 3) and equating the coefficients of like~powers
of €, we obtain a new system of recurrent equations, Below we give the necessary equa-
tions of the three approximations in &€ for the terms proportional to 2° equations of two
approximations in e for the terms proportional to n! and the first approximation equa-
tions in € for the terms proportional to n2

Do, F— 22 =0, frg® +foo, s —er 2 =10, Wo® + 20,2 =0 (5.5)

R (2(11 + 3‘{}011) + 4¥pep = 0, 200 Y010 + Czﬁl‘yom, =0

2% 010 Wor1 — 2657 Dpgg, s — Doy, ¥ = 0, W02 — 26,7 gy, = 0

Woio? (203 Wo10 + W 90) — 4@020* — 20, Vg, , =
Solving the algebraic system (5. 5) directly, we find the following approximate expres-
sions for the unknown functions:

Qoo = 2718, Voo = Y5 (2e0)~r— [%/y (r'? —rr" + 4] (5.6

oy = ey {rh () dr, ¥yso = — ()"
0

274 (') 1, 1 »
‘Fou‘;qg[*g- oy T _T]s ‘-Dozo:—T

Do, = 75 (-2 )" Ssr—‘/a @[5r@ro—2eor -]

The function f,, (8) is found from the condition that the solutions vary along the boun-
dary in an identical manner: f,, = i ®gq,. Taking into account (5. 6), we obtain

foo = £ icyts, fip = (¢, + ey Ry 6.7

The plus sign in f;, is chosen so as to ensure a rapid decay of the integrals ¢ on mov-
ing away from the boundary. The frequency parameter p is found from the first appro-
ximation of the conditions of periodicity of (4. 5)

(p®@o] = 2nM, M> 1

or in its expanded form
L L L

p S @y, ds + tqpi[‘g Doo1, s tqu"v“g Dyys,ds 4 ... =2nM {5.8)
I 0 0

where L is the length of the boundary contour, ¢ = 1,2, ... and M is an integer.
Substituting the expressions (5. 6) for My, (m = 0, 1, 2)into (5. 8) and solving the re-
sulting equation by the method of consecutive approximations in p, we find

p =M (b + b OM=h 4 bOM =% +....) (5.9)
M>1, g¢=1.2,...

L
b = 2me;, b0 = egey'lst, Sr—’!’s (s)ds
8
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L
b® = % eyes—"ht 2 S r=(s)ds, e = —%— , €y = —2—-
)
The above relations show that the magnitude of the frequency parameter and hence of
the first approximation for the natural frequency oscillations, are independent of the
boundary conditions type,

Using the expressions given in (5. 6) for the functions ¥, and ¥y, , we now deter-
mine the zone of oscillations of the integrals Y. The annular zone of oscillation of the
integrals (2. 6) is, in accordance with the properties of the Airy function Ai (¢) , con~
tained between the boundary of the region in which ¢ = ¢, and the caustic curve on
which the argument of the Airy function becomes equal to zero (¢ = 0). Since in the
present case ¢ = p**'¥, the condition that ¥ = 0 and the expansions (3. 2),(5. 1)
together yield the following equation of the caustic curve in its first approximation:

Ry = — \Fot)‘yf}l“l ~ 1../2 tqr‘{* (ggM)“xf‘la {5.10)

Consequently the zone of oscillations satisfies the inequalities
n, <n<0 (5.11)

From (5. 11) follows the condition of convexity of the boundary: r (s) > 0, since the
zone of oscillations is contained within the region 7 << 0 and ¢, <C 0 within this zone,
The width of the oscillation zone is of the order O (M -%s), The latter result agrees
with those given in [1, 2].

The second approximation equations are

2¥, (Vo - v + Vv Vo) — 2(vD, - yDy) + (5.12)
%0y 2 = — [ADy,

20 [y Dy - v - (vD, - Y] = —AY,

The unknown parameter x, determining the second approximation for the natural fre-
quency, enters the first equation of (5. 12). Let us substitute into this equation the expan-
sions (5. 1) and (5. 4), and separate the terms proportional to the zero powers of » and e.
This yields - ,
Y 219, s — W0 Vo102 — #1672 = 21y (5. 13)
To find the parameter %, we use the second approximation to the conditions of periodi-
city (4.5): (M,) = 0. Substituting into (5. 13) the known expression for 0y, and
performing the integration with the periodicity of the radius of curvature of the bound-
ary contour (r (s + L) = r (s)) taken into account, we obtain
L

%y = — Gy S 100 (5) Woro® (5) ds {5.14)
0

We find the unknown function ¥4, (5) from the second approximation of the boundary

conditions (4. 1) and (4. 2). These conditions, unlike in the first approximation, no longer
coincide in the case of the free and clamped boundaries. Substituting into (4. 1) and

(4. 2) the expansions (5. 4), we obtain the following boundary conditions for the coeffici~

ents proportional to e° : . . iy
prope F10F 0001 — i@y, Wigo Al (8g) = O (5.15)
oo, sFagot = + W Al (2,) = 0
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for the clamped boundary and

2700, of 10F 000" + Dqgo, 2 ¥ 100 Al (£,) = 0 (5. 16)
(/10" — foo, §8) Fogo ™) — 21'(1)000, sVorgAl' (£) =0

for a free edge.
Considering now (5. 15) and (5. 16) as a system of two equations with two unknowns

Y3 .
Flo® and Y100, We find

Fond = = — ieh Al (1), Wagq = — e (1 + ety (5.17)
e=2c/r,e3=1cy/0Cy

for a clamped boundary and

Fopo=") = — 2ie' (2 - e2) LAY’ (tg)y ‘P = (5.18)
— 4e'h (2 + eg?) (1 - eyt

for a free edge.
Substituting now (5. 17) and (5. 18) into (5. 14), we find that the parameter %, for the
regions with a clamped (%,(.,) and a free (%,()) boundary is equal to
v
Ry = 26y (1 + e32)’/2Xr"1 (s)ds

V]
L
Ryo) = Bey (1 + eg?)(2 + e5?)72 S ri(s)ds
[}

respectively ,

Thus we have obtained for both problems the second approximation for the natural
frequency oscillations, and this enables us to determine this frequency sufficiently accu-
rately, with the error of O (p-1).

The third and further approximations are constructed in the similar manner. We use
the general systems (3. 3) to extract the equations for the next approximation and the
corresponding boundary conditions. Substitution of (5. 1) into these equations reduces
them to a linear algebraic system of complexity increasing directly with the order of
the approximation, and consequently more and more difficult to solve.
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INVERSION OF RELATIONS OF THE THEORY OF PLASTIC FLOW
FOR HARDENING BODIES
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(Received March 28, 1975)

The inversion of the fundamental relationships of the theory of plastic flow of
hardening bodies is obtained in the neighborhood of a regular point of an arbit-
rary loading surface. The stress increments are consequently expressed explicitly
in terms of the strain increments.

The fundamental relationships of the theory of a plastic hardening body [1, 2]
under the assumption of the existence of loading functions are in the form of re-
lationships expressing the increments of strain in terms of the increments of stress.
Upon formulating the problems in displacements, for example in the case of three-
dimensional stability problems [3, 4], the increments in stress must be expressed
in terms of the increments of strain, i.e. the fundamental relationships must be
inverted. Such an inversion is realized below in the neighborhood of a regular
point of an arbitrary loading surface for an isothermal strain process in the case
of small strains,

1, Following [1, 2], let us write the fundamental relationships of the theory of a plas-
tic hardening body in the neighborhood of a regular point of the loading surface, We re-
present the total strain increment as the sum of increments in the elastic and plastic
strains (we introduce the compliance tensor C for the elastic strain, and we proceed
from the associated flow law for plastic deformation)

deom = depn® -+ deym® (1.1)
deqm = Cpmij do’ (1.2)
dehm = d’»‘a—?m—,,, when f=0,df=0 and df >0 (1.3)

dehm =0, when f=0 and df=df<<0 or f<<O

where f denotes the loading function; the equation of the loading surface is hence

f(oijf gijv eijpv st ks) = O (1' 4)



